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Section 1 — Introduction and Preliminaries

The concept of fuzzy sets was first introduced by Zadeh [1965]. Rosenfeld [1971] used
this concept to formulate the notion of Fuzzy groups. Since then, many other fuzzy algebraic
concepts based on Rosenfeld's fuzzy groups were developed. Anthony and Sherwood [1969]
redefined fuzzy groups in terms of t-norms which is replaced the min operations of Rosenfeld's

definition. Using this concept, chang [1968] generalized some of the basic concepts of general
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topology, Many Researchers [1968] and [1981] applied the concept of fuzzy sets to the
elementary theory of I' - rings. In [1988] Booth introduced the concept of I'- near rings which is
due to satyanarayana [1984]. Also Booth [1990] studied radical theory of a I'" - near ring and
introduced the notion of M I' -group. The notion of Intuitionistic Q-Fuzzy semi primality in a
semi group is given by Kim[2001]. The notion of Q fuzzy subgroups introduced by [2008],
[2010] and [2009]. In this paper, a new class of Q-fuzzy M-gamma subgroup of group are
introduced and characterization of some properties of M-gamma groups with respect to t-norms
are discussed.
Definition 1.2: A non-empty set ‘R’ with two binary operations ' +"'and ' « ' is called a near-ring
if it satisfies the following axioms.

1. (R,+)isagroups; 2. (R, *)isasemi group;

3. (atb)ec=asc+bec,foralla,b,c€R.
Precisely speaking it is a right near-ring. Because it satisfies the right distributive law.
All near rings considered in this paper will be right distributive. A I'-near ring is a triple
M, +, T'). where,

(1). (M, +) is a group (not necessarily abelian);

(i1). T 1s a non-empty set of binary operators on M such that, For each o € I', (M,+, o)

is a near ring;
(i11). a a (bPc) =(a ab)Bc for all a,b,c, € M, a,p € I'. If, in addition, it holds that

(iv) aa 0=0 for all a € M; then the ['-near ring M 1is said to be zero symmetric.

Definition 1.2: Let G be an additive group. If, foralla,b €M, 0o, €I and x € G it holds that
(1) aax €G
(i1) a a(bPc) = (a a b)pPx
(i11) (atb) a x =a a x + b a X, then G is called an M-Gamma group or MI" -group.
In what follows, let M denotes the I' -near ring and G denotes the MI" -group unless or

otherwise specified.

Definition 1.3: A subgroup H of G for whichaa h € K fora € M, a € I', h€ H is called an MI'-
subgroup of G.
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We now review some fuzzy logic concepts. A fuzzy set in a set G is a function A : G — [0, 1 ].
We shall use the notation U(A;t), called a level subset of A for which {x€ G / A(x)>t}
where t€ [0,1].
Definition 1.4: Let Q and G a set and a group respectively. A mapping A : G xQ — [0, 1 ]is
called Q-Fuzzy set in G.
Definition 1.5 :A Q-fuzzy set 'A' in G is called a Q-fuzzy MI'-subgroup of G if,

(1) A(x-y,q) = Min { A(x,q), A(y,q)}

(i) A(aax,q)>A((x,q),foraeM,qeQ, x€Gand a€T.

Definition 1.6: By a t-norm T, we mean a function T : [0,1] x [0,1] — [0,1] satisfying the
following conditions

[T] T(x, 1)=x

[T.] T, y)<T(x,z)ify<z

[T.] T(x,y)=T(y, x)

[T.] T(x, T(y, z)) =T(T(x, y), z) forall x, y, z € [0, 1].

Proposition 1.7: For a t-norm, the following statement holds T(x,y) < Min {x,y}, for all x,y €
[0,1]. For at-norm T on [0,1], denoted by AT the set of elements o € [0,1]
such that T(a,0) = a, (ie) AT={a€[0,1]/ T(a,0)= o}

Definition 1.8: Let T be a t-norm. A fuzzy set A in G is said to satisfy idempotent property with
respect to T, if Im(A)S AT.

In Definition (2.5) we use T operator for min operation.

Section 2 - Properties of Q-Fuzzy MI'-subgroups of Group

In this section, The notion of Q-fuzzy MI'-subgroups of MI'-group are discussed.

Proposition 2.1: Let T be a t-norm of 'A' is idempotent Q-fuzzy MI'-subgroup of G. Then
A(0,q)>A(x,q) forallx €G,q€Q.

Proof: For every x €G and q €Q, it follows that

A(0,q) = A(x-x, @) = T{AX,q), A(X,q)} = A(x,9).
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Proposition 2.2: If 'A' is an idempotent Q-fuzzy M-gamma subgroup of G, then the set
Gr = {x €G/ A(x,9) > A(p,q)} is an M-gamma subgroup of G.

Proof: Let x,ye€G", then A(x,q) > A(p,q) and A(y,q) > A(p,q). since 'A' is an Q-fuzzy MI-
subgroup of G, it follows that A(x-y,q) > Min {(x,q), A(y,q)} > Min {A(p,q), A(p,q)} = A(p,q).
Now let a € M, o € I' and h € G* then A(xa h,q) > A(h,q) > A(p,q) then we have
A(x-y,q) > A(p,q) and A(aox,q) > A(p,q) that x-y € G"and ach € G’. This completes the proof.

Corollary 2.3: Let T be a t-norm. If 'A' is an idempotent Q-fuzzy MI -subgroup of G, then
the set As = {x €G/A(x,q) = A(0,q)} is an MI'-subgroup of G.

Proof: From the proposition (2.1), Ac = {x €G/ A(x,q) = A(0,q)} ={xE€G/A(X,q9) > A(p,q)}-
Hence A is an MI'-subgroup of G from the Proposition (3.2).

Definition 2.4: Let G and G' be MI'-groups. A map 6: G — G' is called a MI'-group
homomorphism if 0 (x+y)=0(x)+ 0 (y)andB(aax)=aa 0 (x)forallae M, a € T and x € G.

Definition 2.5: Let 6 : G — G' be an MI'-group homomorphism’s of MI'-groups. For a
Fuzzy set A in G', we define a characterized Q-fuzzy set A’in G by A° (x,9) = A (0 (x,q)) for
all x € G.
Propositions 2.6: Let 0 : G — G'be an MI'-group homomorphism’s of MI'-groups. If'A' is an
Q-fuzzy MI -subgroup of G', then A’is an Q-fuzzy MI'-subgroup of G.
Proof: For any x,y € G and q €Q, we have
Ae(X-y,q) =A (0 (x-y,q)

= A(OX®-08((.9)

> T{A (6 (x,q), A (6 (v.0)}

>T{A" (xq), A" (v,9)}

LetaeM, a € T and x € G, then

A% (aax,q) =A 0 (aax,q))
= A(aa0(x,9)
> A (0 (x,9)
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> A" (x.0)
This completes the proof.
Proposition 2.7: Let [ be an MI'-subgroup of G and let 'A' be a Q-fuzzy set in G defined by
Ax,q) = (a,q) ifxel
(b,9) otherwise.
For all x € G, and a, b € [0, 1] with a > b, then 'A' is Q-fuzzy MI -subgroup of G where
min{a, b} =max {a+b-1,0} forall a,b € [0, 1].
Proof: Let x,y €G. If x,y € L. Then
min {A(x,q), A(y,q)} = min {a,a} = max {2a-1,0} =2a,ifa>"%;b, ifa<®
<a= A(X-y, Q).
Forallp € Manda €T, it follows that
A(pax, qQ) =A(x,q)=a. Ify€landx €I (or x €l and y € I), then
min {A(x,q), A(y,q)} =min {a,b} =max {a+b-1,0};=a+b-1ifa+b>;b, otherwise.
< b=A(x-y,q).

Forall pe M and o €T, A(pax, q) > b = A(y,q).

Ify & land x € [, then min {A(x,q), A(y,q)} = A(b,b) = max {2b-1, 0} ; = 2b-1,ifb>";

0,. otherwise.

For all p € M and a € T; it gives that A(pox, q) = b = A(x,q). Hence 'A' is an Q-fuzzy set
subgroup of G. For a subset I of MI'-subgroup of G. @ denotes the characteristic function of L.
Corollary 2.8: 1 S G, then I is an MI'- subgroup of G if and only if ® is an Q-fuzzy MI-
subgroup of G.

Proof: Let I be an MI'-subgroup of G, then it is easy to show that @ is an Q-fuzzy MI -
subgroup of G. In fact, let x,y € I and so x-y € L.

Hence we have ®(x-y,q)=1= T{d(x,q), ®(y,q)} =T{1,1}. Assume thatx € [. and y€ L. or x
¢ L and y€ L., then ®(x,q)=1>0= ®(y,q) (or O(x,q)=0<1= D(y,q)).

It follows that ®(x-y,q)>0 T{ ®(x,q), P(y,q)} = min{1,0} =0. Now leta€ M and a €I'. Ifye
I., then we have a a x € I. Hence ®@(a ax,q) =1 = d(y,q).
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If y &I, then @(a a x,q)> P(y,q). Conversly let @ be an Q-fuzzy MI'-subgroup of G. Let x,y€
I. Then we have ®(x-y,q)> T{ ®(x,q), ®(y,q)} = T{l,1} =1 and so x-y € .. Now let a€ M
and a € "and y€ I. Hence ®(aax,q)> P(y,qg=1andsoaax €l

Proposition 2.9: Let T- be a t-norm then every idempotent Q-fuzzy MI'-subgroup of G is a
fuzzy ideal of G.
Proof: Let'A' be an idempotent Q-fuzzy MI'-subgroup of G then
A(x-y,q) > T{A(x,q9), A(y,q)} for all x,y € G. Since 'A' satisfies the idempotent property.
it gives that
Min {A(x,q), A(y,Q)} =T{Min {A(x,q), A(y,q)}, Min {A(x,q), A(y,q)}}
= T{A(x,q), A(y,q)}
< Min{A(x,q), A(y,9)},

Thus A(x-y,q)> T{ A(x,9), A(y,q)} =Min{A(x,q), A(y,q)} so that 'A'is a fuzzy ideal of G.

Proposition 3.10: The family of Q-fuzzy MI'-subgroups of G is a completely distributive
lattice with respect to meet 'A' and join 'V'.

Proof: Since [0,1] is a completely distributive lattice with respect to the usual ordering in [0,1],

it is sufficient to show that V, .. Aq and A. «Aq are Q-fuzzy MI -subgroups of G for a family of

Q-fuzzy MI'-subgroups {Aq / o EA}.
For any x,y € G, we have

(Veer Ag) (x-y,q) = Sup (Ag (x-y,q) / 00 EA}
> Sup {T(A. (x,q) » Ad (,9) / & EA
> T{Sup {T(A. (x,q) / & €A, Sup{A. (y,q) / o EA
=T{(V.« Aa) (x,9), (Ve Aa) (v,9)}

(A e Ad) (X-y,q) = inf (Aq (x-y,q) / o EA

> inf {T(A. (X,9) , Au (¥,q) / 0@ EA }
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> T{inf {T(A. (x,q) / @ €A ,inf{A. (y,q) / & €A }

= T{(/\ﬂ En Aa ) (Xaq)a (/\ﬂ En Aa ) (Y:CI)}
Now let a€ M, y€ Il and a € T, then

(V. o Aa) (2 @ %,q) = Sup (Aq (a 00 x,q) / @ EA)
> Sup (A (x,q) / @ EA)
= (Vo Ag ) (%,9)

(A o Ac) (2 @ X,q) = inf (Aq (a 0 x,q) / 00 EA)
> inf (A. (x,q) / 0 EA)
= (Auer Ag) (X,9)

Hence V. e Ag and A, «» Aq are Q-fuzzy MI'-subgroups of G. This completes the proof.

Proposition 3.11: Let 'A' be an Q-fuzzy MI -subgroups of G and let o € I' be such that

T(a,a) = a. Then U (A; a) is either empty or an MI'-subgroups of G for all x€ G.

Proof: Letx, y€ U (A; a). Then A(x,q) > aand A(y,q) = a

and so Ax-y,q)>T(A(x,9),A(y,q ) = T (a, a )= a which implies that x-y€ U (A; ).
Now leta€ M, y€ U (A; a) and y € I'. Then A(a y x,q) > A(x,q) >a. so ay x € U (A; a).

Hence U (A; a) is MI'-subgroups of G, since T (1, 1) = 1 we have the following corollary.

Corollary 2.12 : If 'A' is an Q-fuzzy MI-subgroups of G then U (A: 1) is either empty or an
MI -subgroups of G.

Proof: For a family {A./ a €A } Q-fuzzy sets in G, define the join V... Ag and the meet
N.en Ag as follows
(Ve Ag) (X,9) = Sup (Aq (X,q) / @ EN)

(Aien Aw) (X,9) =inf (Ag (x,q) / 00 EN)
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for all x€ G, where A is any index set.

Proposition 3.13.: Let T be a t-norm and let 'A' be a Q-fuzzy set in G with Im (A) =

O, O, ... ... ... O} Where o.< o; where 1 > j. Suppose that there exists a chain of MI'-subgroups
J pp group

of G:G,cG, .. .. ....cG,=G such that A(G) = a,; where G, = G/ G,, and G,= 0 for
k=0,1,2,..,n Then'A'is an Q-fuzzy MI'-subgroups of G.

Proof: Let x, y € G. If x and y belong to the some G,. Then A(x,q) = A(y,q) = . and x-y € G,

Hence A(x-y,q) > o = Min {A(x,9) , A(y,q)}

> T{A(x,q), A(y,q)}
Letx € G andy € G, for every i #j. Without loss of generality, assume that i > j;

Then A(x, Q) =a<o,=A(y,q)andx -y €G,
It follows that
A(x-y,q) = 0 =Min {A(x,q) , A(y,q)}

> T{A(x,q), A(y,q)}

Now let y€ G, then there exists G,such that y € G, for some k € {0,1,2,...}. For any a€ M,

x € G.and a €T. We have a ax € G, and so
A(a o x,q) > o> A(x,q). Hence'A’ is an Q-fuzzy MI'-subgroups of G.

Proposition 2.14.: Let T be a t-norm then every Imaginable Q-fuzzy MI'-subgroups of G is a
fuzzy MI'-subgroup of G.
Proof: Assume 'A' is imaginable Q-fuzzy MI -subgroups of G. Then A(x-y,q) > T{A(x,q),
A(y,q)} and A(a a x,q) > A(x,q) for all x,y in G.
Since A is imaginable, it follows that
Min{A(x,q), A(y,q)} = T{Min{A(x,q), A(y,q), Min{A(x,q), A(y,q)} }
= T{AX,Q), Ay}
< Min (A(x,q), A(y,q)} and so
T(A(x,q), A(y,q)) = Min{A(x,q9), A(y,q)}
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It follows that A(x-y,q) > T{A(x,q), A(y,q)} = Min{A(x,q), A(y,q)} for all x,y€ G. Hence 'A'is
fuzzy MI -subgroups of G.
Proposition 2.15: If 'A' is a Q-fuzzy MI-subgroups of a MI-group G and O is an
endomorphism of G, then Aje; is a Q-fuzzy MI -subgroups of G.
Proof: Forany x,y € G, it gives that
L. Awp (x-y,9) =A[6 (x,9), 6 (y,9)]
> T{A[6 (x,q)], Al (y,9)]}
=T{Am (x,q), AB(y,)}
2. A (aax,q) =A[0 (aax,q)]
> A[B (x,9)]
= Arei(x,q)
Hence Ajeiis a Q-fuzzy MI -subgroups of G.
Definition 2.16: Let f: G — G' be a group homomorphism and 'A' be a Q-fuzzy MI'-subgroups
of G'then A f(x,q) = (Aoh)(x,q) =Tf'(A(x,9))

Proposition 2.17: Let f : G — G' be a group homomorphism and 'A' be a Q-fuzzy MI-
subgroups of G' then f'(A) is Q-fuzzy MI'-subgroups of G.
Proof: Let x,y € G. It follows that
f1(A) (x-y,q) = (A°D(x-y, q)
= Af(x-y,q)
= A((fx)-f(y), @)

> T{A(f(x, q), A(f(y, @)}

> T{(A*D(x, q), (A°D(y, @)}

> T{F(A)X, q), F(A)y, D}
f1(A) (a a x, q) = (A°)(a ax,q)

= Af(aax, q)

> Af(x, q)

> (A°D(x, q)

> (A, Q).
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Proposition 3.18: Let'A' be Q-fuzzy MI'-subgroups of G and A* be a Q-fuzzy set in G defined
by A*(x, q) = A(x, q) + 1 — A(e, q). Then A* is Q-fuzzy MI -subgroups of G containing A.
Proof: For x,y € G, it gives that
A*(x-y,q) = A(x-y,q) +1-A(e,q)

> T{A(x,q), A(y, )} 1 — A(e,q)
T{AKx,q@) +1 - Ae,q), A(y.9+1 - A(e,q)}

v

> T{A*(x,q), A*(y,q)}
A*(a ax,q) = A(aax,q)+1-A(e,q)

> {Ax,t1 —Ale,q)

> {A*(x,9)}.

Proposition 2.19: Let T be a continuous t-norm and let 'f' be a homomorphism on a group G.
If'A' is Q-fuzzy MI-subgroups of G, then A'is Q-fuzzy MTI-subgroup of f(G).

Proof: Let A, =f'(y.,q), A.=f'(y,,q) and A.=f'(y.,q), wherey, y. € f(R), x € Q.

Consider the set

A - A, = {x€S/(x,9) = (a,q) - (a-,q)} for some (a,,q)€EA and (a.,q) EA.,

If (x,q9) € A, — A,, then (x,q) = (x,,q) = (X,,q) for some (x,,q)EA,and (x,,q)EA.so that we have
fix,q) = f(x.q) - f(x..q) =y -y
(ie) (x,q) € f'(y.q) —f(y,q) = £'(y-y»q) = Av
Thus A, — A, c A,., it follows that
D) A (yry» Q) = Sup {A(X, )/ (x, q) € F'[(y.q) — (¥ DI}
= Sup {A(x,q)/ (x,q) € As}
> Sup {A(x,q9)/ (x,q) E A — A}
> Sup {A(x.,9) - (X-,q) / (x,,9) €A and (x,,q)EA. }
> Sup {T{A(x,q), A(x,q)} / (x:,q)€EA and (x.,q)EA. }.
Since T is continuous, for every € > 0, and
Sup{{A(x,q) / (x,q) € A/ } - (x*,q)} <& and Sup{{A(x.,q) / (x.,q) € A, } - (x.*,q)} <39,
it gives that T{Sup{{A(x.,q)/ (x.,q) € A, }, Sup{{A(x.,q) / (X-,q) € A, } - T((x/*,q), (x.*,q))< ¢
Choose (a;,q)€ A, and (a,,q)€ A, such that Sup{{A(x,,q)/ (x,q) € A, } - A(a,,q)} <6 and
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Sup {{A(x.,q) / (x,q) € A, } - A(a,,q)} <39.

Then T{Sup{{A(x.,q) / (x,q) € A }, Sup{{A(x.,q) / (x.,q) € A } T((a,,q),(a»q)) < &.

Consequently, A'( yi-y.,q) > Sup {T{A(x.,q), A(X.,q)} / (x,,q)€EA and (X.,q)EA. }
> T{Sup {A(x.,q)/ (x,.Q)€A }, {A(x,q) / (X,q)EA. }

Z T{Af(yl’q)’ Af(ybq)}
Similarly we can show A’( a a x,q) > Af(x,q). Hence A’is Q-fuzzy MI'-subgroup of G.

Conclusion: Group theory has vast and potential applications in many core areas like physics,
chemistry, communications, coding theory, computer science etc. [11] Introduced the concept of
Q fuzzy group. In this paper we investigated the concept of Q-fuzzy MI'-subgroups with respect

to t-norms and characterization of them.
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