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Abstract

This paper deals with existence of solutions to three-point
BYVPs in perturbed systems of first-order ordinary differential
equations at resonance. An existence theorem is established
by using the Theorem of Borsuk and some examples are given
to illustrate it.
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1 Introduction

In this paper, we investigate the degenerate case of three-point BVPs with
linear boundary conditions using the methods and results of Cronin [1, 2]. We
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obtain the existence of solutions of three-point BVPs at resonance for general
BVPs where the parameter a = /2 in the interval [0, 27| with rank £ =1 < 2,
and rank £ = 0 in the interval [0, 1]. These results generalize the degenerate
case of periodic BVPs considered by Cronin [1, 2], and also the degenerate
case of three-point BVP [4].

Consider

' — A(t)x = H(t,z,e) = eF(t,x,e) + E(t), 0 <t <1, (1)
Mxz(0) + Nz(n) + Rx(1) = 0, (2)

where M, N and R are constant square matrices of order n, A(t) is an n X n
matrix with continuous entries, £ : [0,1] — R continuous, F' : [0, 1] x R™ x
(—e0,60) — R™ is a continuous function and € € R such that | ¢ |< &g, and
n € (0,1).

We make use of the Theorem of Borsuk to show the existence of solutions
of the BVP (1), (2) under suitable assumptions on the coefficients. Then we
present a result for computing the degree of 1y(c) = (V}(c1,2), v (c1,c2)) at
(0,0) where the 1y(cq, ¢2) are polynomials whose terms of highest order have
no common real linear factors; see Cronin [2] p. 296-297. This result is for
homogeneous polynomials in two variables which not be odd functions while
Borsuk’s Theorem holds for continuous odd functions in any dimensions.

2 Preliminaries
We recall the following results of [4].
Lemma 2.1. [/] Consider the system
= A(t)x (3)

where A(t) is an n X n matriz with continuous entries on the interval [0,1]. Let
Y (t) be a fundamental matriz of (3). Then the solution of (3) which satisfies
the initial condition

z(0) =c (4)

is x(t) = Y ()Y Y0)c where c is a constant n-vector. Abbreviate Y (t)Y ~1(0)
to Yo(t). Thus x(t) = Yo(t)c.

Lemma 2.2. [}/ Let Y (t) be a fundamental matriz of (3). Then any solution
of (1) and (4) can be written as

x(t,c,e) = x(t) = Yo(t)c—i—/o Y ()Y 1 (s)H (s, 2(s), €)ds. (5)
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The solution (1) satisfies the boundary conditions (2) if and only if
Le=¢eN(c,a,n,e)+d (6)

where L = M + NYy(n) + RYy(1),
N(c,a,m,e) = —<f0n NY (n)Y Y(s)F(s,x(s,c,¢€),€)ds

+ fol RY (1)Y " Y(s)F(s,z(s,c,e),e)ds — g(c, z(n), x(l))),

d = —(fo” NY ()Y~ (s)E(s)ds + [} RY (1)Y ~!(s)E(s)ds — 15), and z(t, ¢, €)
is the solution of (1) given x(0) = c.

Thus (6) is a system of n real equations in €, ¢y, - , ¢, where ¢1,--- , ¢,
are the components of ¢. The system (6) is sometimes called the branching
equations.

Next we suppose that £ is a singular matrix. This is sometimes called the
resonance case or degenerate case. Now we consider the case rank £ =n —r,
0 <n—r <n. Let E, denote the null space of £ and let E,_, denote the
complement in R” of F,, i.e.

R"™ = E,_, ® E,(direct sum).

Let x1,--- ,x, be a basis for R" such that zq,---,x, is a basis for F,, and
Typi1,° - , T, & basis for E,_,.

Let P, be the matrix projection onto Ker £ = FE,., and P,,_,, = [ — P,, where
I is the identity matrix. Thus P,_, is a projection onto the complementary
space F,_, of E,., and

P?=P, P> =P, ,and P, ,P,=P,P, ,=0. (7)
Without loss of generality, we may assume
PTC:(Cla"'7CTaO7"'7O>andpn—7“cz(07"'a07cr+1a"'7cn)- (8)

We will identify P,.c with ¢" = (¢, ,¢.) and P,_,c with ¢"™" = (¢ 41, , ¢p)
whenever it is convenient to do so.
Let H be a nonsingular n X n matrix satisfying

HL =P, . 9)

Matrix H can be computed easily. The nature of the solutions of the branching
equations depends heavily on the rank of the matrix L.

Lemma 2.3. [}/ The matriz L has rank n — r if and only if the three-point
BVP (3) and Mx(0) + Nxz(n) + Rx(1) = 0 has ezactly r linearly independent
solutions.
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Next we give a necessary and sufficient condition for the existence of solu-
tions of x(t, ¢, e) of three-point BVPs for ¢ > 0 such that the solution satisfies
z(0) = ¢ where ¢ = ¢(¢g) for suitable ¢(¢).

We need to solve (6) for ¢ when ¢ is sufficiently small. The problem of
finding solutions to (1) and (2) is reduced to that of solving the branching
equations (6) for ¢ as function of € for | € |< 9. So consider (6) which is
equivalent to

L(P.+ P, )c=eN({(P-+ Py_)c,a,n,e) +d.
Multiplying (6) by the matrix H and using (9), we have
P, .c=e¢HN (P, + Py_,)c,a,m,¢) + Hd, (10)
where HN (P, + P )¢, a,m,€) = —H( S NY ()Y =1 (s)F(s,2(s,c,e),€)ds
+ fol RY ()Y Ys)F(s,z(s,c,e),e)ds — g(c,x(n),x(l))) and

Hd = —H( JENY ()Y~ (s)E(s)ds + [} RY (1)Y~1(s)E(s)ds — e).
Since the matrix H is nonsingular, solving (6) for ¢ is equivalent to solv-

ing (10) for ¢. The following theorem due to Cronin [1, 2] gives a necessary
condition for the existence of solutions to the BVP (1) and (2).

Theorem 2.4. [}] A necessary condition that (10) can be solved for c, with
| e | < eo, for some gy >0 is P,Hd = 0.

Definition 2.5. [4] Let E, denote the null space of £ and let E,,_, denote the
complement in R™ of E,.. Let P, be the matrix projection onto Ker L = F,,
and P,_, = I — P,, where [ is the identity matrix. Thus P, _, is a projection
onto the complementary space E,_,. of E,.. If F,_,. is properly contained in R"
then E, is an r—dimensional vector space where 0 < r < n. If ¢ = (¢q,- -+ , ¢p),
let P.c =c¢" and P,_, = ¢"", then define a continuous mapping ®. : R" — R",
given by

O (¢, ,¢) = P.HN(" & "7"("e),a,m, €). (11)

where ¢""(c",e) = """ is a differentiable function of ¢ and . By abuse of
notation we will identify P.c and ¢” when convenient and were the meaning
is clear from the context so that in defining ®. above from the context we
interpreted P.HN as (HMN;,---, HN,). Similarly we will sometimes identify
P,_,c and ¢"7". Setting ¢ = 0, we have
(I)O(Cla o 7cr‘) = PTHN<CT S Pnfer7 a, 1, 0)

where ¢*~"(¢",0) = P,_,Hd; note that from the context ¢~ "(¢",0) = P,_.Hd
is interpreted as ¢"~"(c¢",0) = (Hd, 41, -+ , Hd,,).

If £, =R"and P, = I, then P,_, = 0. Since P,_, = 0 it follows that the

matrix H is the identity matrix. Thus define a continuous mapping . : R” —
R", given by ®.(c) = N (¢, a,n,€). Setting € = 0, we have ®q(c) = N (¢, a, 1, 0).
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3 Main Results

Now we state the Theorem of Borsuk (Piccinini, Stampacchia and Vidossich
[5] p. 211).

Theorem 3.1. If By C R" is a bounded open set that is symmetrical with
respect to the origin (that is By = —By ) and contains the origin. If ®q :
B — R"™ is continuous, antipodal, that is

Do(c) = =Po(—c)
and 0 € ®o(0Bg), then d(®g, Bg,0) is an odd number (and thus nonzero).

Next we introduce the computation of the topological degree of a mapping
in Euclidean 2-space defined by homogeneous polynomials. The methods and
notations described below come from Cronin [2, 3]. Let

—.

s
Il
—

qDé(Cl, 02) =) (Cl - Gicz)m}

—.

(I)(%(Cl, Cg) = CQ (Cl — bng)pj,

<
Il
—

where C, C9, a; and b; are real constants. We may disregard C,, Cy since
they only affect the sign of the topological degree. The topological degree is
resolved by examining the changes of sign of ®}(cy, c2) and ®Z(cy, c2) as 1,
varies over the boundary of the ball B, with centre at the origin and arbitrary
radius when computing the topological degree of (®}, ®2). We may omit the
following factors since none of them affect the degree of (®}, ®3) on By at 0.

1. Factors (¢; — a;cz) and (¢; — bjca) where a; and b; have complex
conjugates in @}, respectively, ®Z.

2. Factors (¢1—a;cz) or (c1—bjce) which appear with even exponents
where a; and b; are real.

3. Factors (¢; — a;e2) and (¢; — a;41¢2), if there exists a pair a;,
a;+1 (i <+ 1) such that no b; lies between them (i.e., there is no
b; such that a; < b; < a;41). Similarly for pairs b;, bj1.

4. Factors (c; — a,co) and (¢1 — ascy), if a, and ag are the smallest

and largest of the array of numbers aq, -+ ,ay,, by, - ,by,,. Similarly
factors (c; — b,co) and (¢ — bses), if b, and by are the smallest and
largest of the array of numbers ay, -+, an, b1, , byp.

Now, if there are no remaining factors in ®} or ®2, then the topological
degree is zero. Otherwise, if we assume that the terms of highest degree of
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®l(cy, o) and ®2(cq,c2) have no common real linear factors after reduction
using the conditions 1, 2, 3, and 4 above, then the remaining factors consist of
numbers a, - -+, an, b1, -+ , by, such that all the a’s and b's are distinct values,
in which the subscript labelling with either ordering

a1<b1<a2<b2<~~~<ap<bp
or

by <ar <by<ay<---<by,<a,

for some integer p < min{m,n}. In the first case the degree is p, while in the
second case the degree is —p.

We now state the second main theorem in this paper (see Cronin [2] p.
38-40).

Theorem 3.2. Let ®y(c) = (P}(cy, c2), P2(cy, ¢2)) where ®f(cy, ca) and Pi(cy, cs)
are polynomials in ¢; and co. If we assume that the terms of highest degree
of ®}(c1,ca) and P3(cy1,ca) are homogenous polynomials with no common real
linear factors after reduction using the conditions 1, 2, 3, and 4 above, then

a1<b1<a2<bg<---<ap<bp
or
by <ap <by<ay<---<by,<a,

for some integer p < min{m,n}. In the first case the degree is p, while in the
second case the degree 1s —p. Hence

d(®o, By, 0) # 0

for By, a ball with centre at the origin and sufficiently large radius. Then for
sufficiently small €, | € |< g

d(®., By, 0) = d(®o, By, 0) # 0.

Hence there is a solution x(t,c,€) of the BVP (1), (2) with x(0,c,e) = ¢ where
c € B, CR? and | € |< &g for some gy > 0.

Proof Let

®(c1,c2) = pi(cr, ca) + qi(cr, a)
@8(017 c2) = palcr, c2) + q2(cq, ¢2)

where p;(cq, ¢2) is a polynomial homogeneous of degree m in ¢; and co, pa(cy, ¢2)
is a polynomial homogeneous of degree n in ¢; and ¢, and ¢;(cy, ¢2) consists
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of the term kclf(i)cl;(i) where lgi) + lg) < min(m,n) = p for i = 1,2. Thus we

define 1y be the mapping defined by

Yo(cr, c2) — (pr(er, e2), pa(er, ca)).

If p; and py have no common real linear factors then d(v, By, 0) is defined for
By, a ball of arbitrary radius. Define the homotopy

H(e,A) =pler,co) + Agleg, ), 0 <A< 1.

Let mo < min{m,n} = p. By assumption on g;,

"
)

| gi(c1,c2) |[< 1] c

for | ¢ |> ko > 0 and [ > 0. Notice that for ¢ € 0By we have | ®o(c) |> 0.
Thus we choose k£ > 0 such that

| @o(c) | > [ pler,ea) | = | aler,e0) |
> dlclP=l]c|™

[e[" (d=1]c[™P)

0.

V

We have 0 <| ¢ |< (4)P=™0 = k. Therefore if ¢ € 9By, then | H(c,A) |> 0.
This means we assume that the terms of highest degree of p; and p, have no
common real linear factors after reduction using the conditions 1, 2, 3, and 4
above. Thus 0 ¢ H(OBy, \) for 0 < A < 1 and therefore for sufficiently large
By,

d(q)m Bk70) = d(wOa Bk70> 7& 07

where ¢y = (p1, p2). Thus, by the invariance under homotopy of degree
H.=Xby+ (1=XN)D., X €[0,1]

for sufficiently large By and sufficiently small €, | € |< €9. Hence there is a
solution z(t, ¢, &) of the BVP (1), (2) with (0, ¢, &) = ¢ where ¢ € By, C R? and
| € |< &g for some gy > 0, provided solutions x(t, ¢, €) of initial value problems
exist on [0,1] for each (c, ¢€).

Remark 3.3. In this paper, we find that an arbitrary small change in A(t)
will affect the structure of the set of solutions which change completely. We
also find that the value of the local degree depends on the function f(t,y,v/, ).
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4 Applications and Examples

In this section, we apply the results of paper [4] to the problem of finding
the solutions of three-point BVPs to systems of first-order equations. First
we study the degenerate case for a« = /2 in the interval [0,27] with rank
Lo—2 =1 < 2. Then we study the totally degenerate case, rank £ = 0 for
general boundary conditions and give an example where Borsuk’s Theorem or
Theorem 3.2 applies. We will use the following facts in solving the examples.

1/2
/ sin” 4mws cos™ 4ms ds # 0,
0
1
/ sin" 4ws cos™ dws ds # 0 (12)
0
if and only if both n and m are even.
1
/ sin” 2ms cos™ 2ms ds # 0 (13)
0
if and only if both n and m are even.

Rank £, »=1<2, a=,/2 and y/(0) = 0.

Consider

V' +y=cf(t,y,y,e), telo,2n], (14)
y(2m) = /2y(7/4), ¥'(0) =0, (15)

where n = 7/4, a = \/2 and f € C([0,1] x R?* X (—&g,&¢); R). Then (14), (15)

is equivalent to

()= (5 0) () = Gntann) 09
G2 () 3 0 () + 6 o) Caee) = ()0
s o = (1) = (U)o (0 7)o (37 0)m -

10 _ 0 . ~a¢ [ cost sint
(0 0),F(t,x,5) B f(t,x1,332,€)>' We obtain Y'(t) = ™ = —sint cost)’
_ cost sint
Yo(t) =Y (OYH(0) = —sint cost)’

[ cos2m  sin2rw _ [ cosm/4 sinm/4
Yo(2m) = <— sin 27w  cos 27r)’ Yo(m/4) = <— sinm/4 cos7r/4) and
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. _A(-s)  _ cos(t —s) sin(t — s)
Y)Y~ (s) e (_ sint —s) cos(t—s) ) Then by Lemma

2.2, solving the problem (16), (17) is reduced to that of solving L,— c =
eN(c,,m,€) 4+ d for ¢. Thus we find L,— /> and N(c, o, n,¢).

Lo—ys = M+ NYy(n/4) + RYy(2)
o0V O e %) G o6 )

-0 )

and
/4 s -
N(c,a,n,e) = —/ ( (\)/2 8) AT F(s,2(s,¢,¢),¢) ds
0
27
—/ (1 0) AP F(s, (s, c,€),€) ds
. \0 0
= (Nl(cv&7n75>>0>;
where

w/4
NM(e,a,m,e) = / V2sin(m/4 — s)f(s,x1(8,¢,€),x9(s, ¢, €),€)ds
0

2w
—/ sin(2m — s) f(s, x1(s, ¢, €), xa(s, ¢, €), €)ds,
0

and d = 0. Thus we have rank (L,—2) = 1. Let ¢; = (é) is a basis for

Ker(Lo=2), and Ker(L,=,/2)=Span e;. Let P, be the matrix projection onto
Ker(La=2),

P = <(1) 8) So Py =1—-P = (8 ? . Set H = (1) 1) so that
HL.— , = P,. Since d = 0, it follows that PyHd = 0. Therefore a necessary
condition of Theorem 2.4 is satisfied. Then we apply Theorem 3.2. In order
to study ®g, we must first obtain z(t, ¢,0), that is the solution of 2’ = A(t)z.
By Lemma 2.1, 2’ = A(t)z has a solution z(t) with 2(0) = ¢ = (¢;,0)?, where
22(0) = 0 = ¢o. Thus (14), (15) has a solution if € = 0 namely z;(¢,¢,0) =
¢y cost, xa(t,c,0) = —cy sint. We compute

PIHN (c,a,n,¢) = ((1) 8) (é D( 1<C’37n75)>

_ ( 1(673’77’5))‘
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Thus @.(c;) = Ni(c, a,n,¢), where Pye = ¢* = (C(;) and Pic = ¢t = ().
Setting ¢ = 0, we have ®g(c;) = Ni(c', a,n,0), where ¢*(c!,0) = PyHd = 0
Hence

w/4
Do(cq) = / V2sin(m/4 — s) f(s,cicos s, —cysins, 0)ds
0
2m
- / sin(2m — s) f(s,¢1 cos s, —cy sin s, 0)ds.
0

Now we state an example where the value of the local degree depends on the
function f(t,y,y,¢).

Example 1

In system (16), let f(t,z1,29,€) = az} + bxy so that f € C([0,27] x R? x
(—e0,€0);R).  We have z(t,¢,0) = c¢jcost, xo(t,c,0) = —cysint. Thus
f(t,cicos t,—cysin t,0) = ac? cos®t — beysint. Using condition (13),
we obtain

w/4
Do(cq) = / V/2sin(r/4 — s)(ac: cos® s — bey sin s)ds
0

2m
- / sin(2m — s)(ac; cos® s — bey sin s)ds
0

w/4 27
= {(cos s — sin s)(ac’ cos® s — bey sin s) }ds — / bey sin? sds
0 0

w/4
_ 3 04 : 3 3 .2
= {acj cos™ s — bey cos ssin s — acy sin s cos® s + bey sin® sds — beyw}ds
0

3T 1 m 1
3
= — 4+ —) — by (— + =).
6LCI(SQ 16) e 8 2)

Since ®y(cq1) is odd, the local degree is odd and therefore nonzero. Then for
sufficiently large By and sufficiently small e, d(®., B, 0) = d(®y, B, 0) # 0.

Next we apply Borsuk’s Theorem in Example 2, and then Theorem 3.2 in
Example 3 to find the local degree of a mapping in Euclidean 2-space defined
by homogeneous polynomials

Rank £ =0.
Consider
y' + 167y = ef(t,y,4,€), te[0,1], (18)
2y(0) — y(1/2) —y(1) =0, (19)
—y'(1/2) +y'(1) = 0, (20)
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where n =1/2 € (0,1), f € C([0,1] x R* X (—¢&¢,&0); R). This can be written
in matrix form as a system of first-order equations.

(2) B <—1%7T2 (1)) @;) e (f(t,xlo, x2,5)> (21)

(o) i)~ (0 5) i)+ (6 ) () = () e

(T B 0 1 (20 (-1 0
Whereﬂv—(@),A—(_mﬂ2 0)’M_(O 1>’N_(O _1>,

R (—1 o>‘ Y(t):eAt:< cos 4t Sin47rt/(47r))7

0 1 —4msin 4wt cos4mt
1, [ cosdmt  —sindmt/(4m)
Y=o = (47r sin 47t cos 4t ’
_ cos 4t sindnt/ (4w 1 0
Y(t) =YY 1<O) - (—47rsin47rt cos4/7£t )>’ Yo(1/2) = (O 1)’ and
1 0

Yo(1) = 0 1). Then by Lemma 2.2, the problem of solving (21), (22) is

reduced to that of solving L¢ = eN (¢, a,n,¢) + d for ¢. Thus we find £ and
N(c,a,n,¢).

L = M+ NYy(1/2) + RY,(1)
: Ez 3§+<; DIRERIE
00
— \o o)
1

Thus we have rank £ = 0. Let e¢; = (O) €y = ((1)) , is a basis for Ker(L),
and Ker(L) = Span(ey,es). Let Py be the matrix projection onto Ker(L),

10 00 10
Pl—(o 1>.SOP2—I—P1—<O O).SetH—(O 1) so that HL = P,.
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We obtain

Y271 0\ (1 0\ /[ cosdrs —sindms/(4r)
Nle,a,m.e) = _/0 (0 —1) (0 1) (47rsin 4d1s cos4rms )

X

< (3 x1(s, ¢, e) Ta(s, ¢, ), )) ds |
[ED6 ) G, )
: (f(3,1'1(8,c, £), ma(s, 5)78)> ds

— /01/2 <_ sin 4%8/(47T)) f(s,m1(s,¢,€), (s, ¢, ), £))ds

cos 4rs

+/01 (— sin 47rs/(47T)> F(5,21(5,¢,€), 225, ¢, €), £))ds

—cos 4rs

_ Nl(C,O_/,T],Z‘f)
N N2(67a777a€) ’

1/2
M(c,a,m,e) = —/ sindms/(4m) f(s, x1(s, c,€),x2(s, ¢, €),€))ds
0

where

- /l sindrws/(4m) f(s,x1(s, ¢, €), x2(s, ¢, €),€))ds,
0

1
No(c,a,m,e) = —/ cosdmsf(s,x1(s,c,€),xa(s,¢,¢),¢))ds,

1/2
and d = 0. Since d = 0, it follows that PyHd = 0. Therefore a necessary
condition of Theorem 2.4 is satisfied. Then we apply Theorem 3.2. In order
to study ®g, we must first obtain z(t, ¢,0), that is the solution of 2’ = A(t)z.
By Lemma 2.1, ' = A(t)z has a solution z(t) with z(0) = ¢ = (c1, ).
Thus (18), (19), (20) has a solution if € = 0 namely z;(¢,¢,0) = ¢; cos4nt +
cosindmt/(4m), xo(t, ¢, 0) = —4mwey sindnt + co cosdnt. We compute

_ 1 0 1 0 ./\fl(C,Oé,%E)
PiHN (¢,a,m,e) = (0 1) (o 1) (Nz(c,oz,ma))’

B.(cr,cr) = ( 1(c,a,n,5)> .

Thus

2(07 a, 1, 5)

Nl (Ca a, 1, 0)
No(c,a,m,0) )

Setting € = 0, we have

‘1)0(01, 02)
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Example 2
In system (21), let f(t, 1, x9,€) = 23 so that f € C([0,27] x R? X (—&p,&¢); R).
Then

f(t, ¢ cosdmt + cysindmt/(4r), —4me; sindrt + ¢y cos dnt, 0) = —6473c3 sin® 47t

+4872c2cy sin? dnrt cos dmt — 127cyc2 sin 4t cos? 4t + ¢ cos® 4.
Using condition (12), we obtain

Dy (cy, )
1/2

- [

0 AT

sindrs

f(s,c1cosdms + cosindms/(4m), —4mey sindms + ¢ cos 4ms,0)}ds

1 .

4

- / {Slrimﬂsf(S, c1cosdms + cysindms/(4m), —4me; sindms + ¢y cos 4ms, 0) }ds
0

1/2
= — {167%¢} sin* 47s + 3¢, c5 sin” drs cos® dms}ds

— [ {167°¢} sin® 47s + 3cic5 sin® 47s cos® drs}ds

¥ (c1, c2)

1
= — / cos4ms{ f(s,c1 cosdms + cysindns/(4m), —4mey sindws + ¢y cos 4ws, 0)}ds
1/2
1/2
= — {487%c2cy sin? 4ms cos® 4ms + c5 cos® 4nstds
0
3

= —37T26%62 + %
Since ®g(cy,cr) = (Ph(c, ca), P3(c1,c2)) is continuous, odd on dBy, and 0 ¢
®y(0By), the local degree is odd and therefore nonzero. Then for sufficiently
large By and sufficiently small e, d(®., By, 0) = d(Pg, B, 0) # 0.
Example 3
In system (21), let f(t, 71, 22,¢) = 2% cos dnt + zy cos® 4wt + x; sin” 47t so that
f e C([0,2n] x R? x (—&g,0); R). Then

f(t,c1cos 4mt 4 cysindnt/(47), —4mey sindnt + ¢y cosdrt, 0) = ¢ cos® 4nt
C1Co

2 )

c5 cos 4mt sin“ 4t

+—= cos? 4drt sin 4t + 2 Teot i
2 1672

c
+cy cos® Ant + ¢y sin? 4t cos At + 4—2 sin® 47t
s

— 47ey cos® Antsindrt
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Using condition (12), we obtain

P (c1, c2)
1/2

- [

0

1
4
- / {Slrimﬂsf(s, ¢1 co84ms + copsindms/(4m), —4mey sindms + cx cos 4ms, 0)}bds
0

4
sin 4w f(s,c1cosdms + cosindms/(4m), —4mey sindrws + ¢y cos 4ms,0)}ds

1/2 »
— _/ il % — 1] cos 2 Arssin® dms + %}db‘
2 ¢ rssin? Apg 4 2O AT
! 1672

—361 Co 361 9(32
12872 16 6472

and
o5(c1, c2)
1
= — / {cosdmsf(s, ¢ cosdms + cosindrms/(4n), —4mwey sindnws + ¢y cos 4rs,0)}ds
1/2
1/2
= — {(c2 4 ¢) cos* 4ms + (c3 + ¢1) cos® 4ms sin® 47s Yds
0
3rc? 3 3mey ¢
= 7 Tamee) T CF T ie)
Let
Dy (cr, ¢2) = pr(er, e2) + qu(en, c2)
®o(c1, ca) = pa(cr, e2) + qo(ca, c2)
where
piler,c2) = 3582, @ =3¢ — 5%,
pa(c1, ca) = (37rCl + 2567r2) 42 = _<37% + %)

Hence py(c1, c2) is a polynomial homogeneous of degree m = 2 in ¢; and ¢y,
pa(c1,c2) is a polynomial homogeneous of degree n = 2 in ¢; and ¢y, and
gi(c1, ¢2) consists of the term k'™ 2@ where 1) + 1§ = 1 < min(m,n) = 2

for + = 1,2. Thus we define 7y to be the mapping defined by

Yo(cr, c2) — (prler, e2), pa(er, ca)).

Since p; and pe have no common real factors, then d(1g, By, 0) is defined for By,
of arbitrary radius. After reduction using the conditions 1 and 4 in Theorem
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3.2, 1)y is a constant. Hence d(vg, B, 0) = 0. If the radius of By is sufficiently
large then d(®g, Bx,0) = d(1g, Bg,0). Hence for sufficiently large B and
sufficiently small e, d(®., Bg,0) = 0. Do the solutions exist? The answer is
yes, y = 0 for each € < €g, in fact this is the only solution of the BVP (18),
(19), (20).
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